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We show that an iterative solution of rapidity evolution equations with a leading-order kernel renders the
entire signature-odd tower of next-to-next-to-leading logarithmic (NNLL) contributions to partonic 2 → 2
amplitudes in the Regge limit computable in full color. The result, which universally holds in any gauge
theory, corresponds to a set of three-Reggeon ladder diagrams. In this setting we compute the NNLL
amplitude to four loops in dimensional regularization through finite corrections. Furthermore, by
contrasting the result with the exponentiation properties of soft singularities we determine the four-loop
correction to the soft anomalous dimension at this logarithmic accuracy. The latter features quartic Casimir
contributions beyond those appearing in the cusp anomalous dimension. Finally, in the case of N ¼ 4
super Yang-Mills, we also determine the finite hard function at four loops through NNLL in full color.
DOI: 10.1103/PhysRevD.103.L111501
I. INTRODUCTION
The high-energy limit of gauge-theory scattering ampli-
tudes has long been a source of unique insight into gauge
dynamics. Amplitudes drastically simplify in this limit, and
their factorization in rapidity reveals new degrees of free-
dom that propagate in two transverse dimensions. Rapidity
evolution equations, Balitsky-Fadin-Kuraev-Lipatov (BFKL)
[1,2] and its nonlinear generalization [3], manifest concepts
from Regge theory [4], leading to remarkable new insights.
Several avenues have emerged in recent years which
exploit the predictive power of factorization and evolution
in rapidity, and translate it into concrete predictions for
partonic amplitudes [5–13]. New results regarding the
Regge limit have been instrumental in determining
multi-leg planar N ¼ 4 super Yang-Mills amplitudes in
general kinematics to unprecedented accuracy, see e.g.,
[6,14,15]. In parallel, computation of the Regge limit in
2 → 2 scattering for general color [7–10] have been shown
to provide powerful constraints on soft singularities of
amplitudes in general kinematics [11,16–18].
Our focus here is on universal features of 2 → 2 gauge-
theory scattering amplitudes, 1þ 2 → 3þ 4, in the high-
energy limit, following [7–11]. These amplitudes are
described by two independent Mandelstam invariants s≡
ðp1 þ p2Þ2 and t≡ ðp1 − p4Þ2, with u≡ ðp1 − p3Þ2 ¼
−s − t, where in the high-energy limit s ≫ −t, and we
apply perturbation theory, assuming that the momentum
transfer −t is large compared to the QCD scale. For s ≫ −t
the perturbative amplitude is dominated by large logarithms
in the ratio s−t. Famously, the leading logarithms (LL) can be








where Mtreeij→ij ¼ g2s 2st Ti · Tj is the tree-level amplitude









is the gluon Regge trajectory, presented here in dimensional
regularization with D ¼ 4 − 2ϵ, where we suppressed
higher-order corrections which contribute beyond LL.
The simple exponentiation property in (1), with the
characteristic color charge CA, can be understood as due
to the exchange of a single Reggeized gluon (dubbed
Reggeon), which admits a trivial evolution equation in





Published by the American Physical Society under the terms of
the Creative Commons Attribution 4.0 International license.
Further distribution of this work must maintain attribution to
the author(s) and the published article’s title, journal citation,
and DOI. Funded by SCOAP3.
PHYSICAL REVIEW D 103, L111501 (2021)
Letter
2470-0010=2021=103(11)=L111501(7) L111501-1 Published by the American Physical Society
analytic structure emerges, associated with compound
states of multiple Reggeons [21–23]. While the correspond-
ing evolution equations are integrable in the planar limit
[24–27], they are difficult to solve in general. Nevertheless,
they can be integrated iteratively [7–10] to obtain pertur-
bative high-energy amplitudes order-by-order in αs. In this
paper we extend these methods to the entire tower of next-
to-next-to-leading logarithmics (NNLLs), and perform
explicit computations to four loops.
In the Regge limit amplitudes naturally split according
to their signature symmetry; M ¼ Mð−Þ þMðþÞ where
Mð−Þ and MðþÞ are respectively odd and even under













 − i π2≡ L; ð3Þ











with Mð−;0;0Þij→ij ≡Mtreeij→ij, it can be shown [8] that the odd
amplitude coefficients Mð−;n;mÞij→ij are purely real, while the
even ones Mðþ;n;mÞij→ij are purely imaginary. Since Bose
symmetry links the kinematic dependence to that of color,
MðþÞ and Mð−Þ are governed by t-channel exchange of
color representations which are respectively even and odd
under 1 ↔ 4 (or 2 ↔ 3) interchange. The latter consist of
an odd number of Reggeons, while the former an even
number [7]. Signature is preserved under rapidity evolu-
tion, and this greatly simplifies the computation of these
amplitudes [7–10]. The signature even amplitude MðþÞ,
which starts at next-to-leading logarithmic (NLL) accuracy
is governed at this logarithmic order by two-Reggeon
exchange, satisfying BFKL evolution. Using an iterative
solution of this equation, this entire tower of logarithms has
recently been determined [7,9,10].
The present paper focuses on the signature odd ampli-
tude. At NLL accuracy,Mð−Þij→ij is still governed by a single
Reggeon exchange (Regge pole) [28], with Oðα2sÞ correc-
tions to the trajectory in (2) [29] along with s-independent
impact factors [8]:
Mð−Þ;LLþNLLij→ij ¼eCAαgðtÞLZiðtÞDiðtÞZjðtÞDjðtÞMtreeij→ij: ð5Þ
The factors ZiðtÞ and DiðtÞ admit perturbative expansions
with coefficients ZðnÞi and D
ðnÞ
i where the one-loop terms,
n ¼ 1, contribute at NLL, while the higher-order terms give















with Γi ¼ 12 γKðαsðλ2ÞÞCi log −tλ2 þ 2γi. Here γK is the
universal cusp anomalous dimension [30–32], Ci is the
quadratic Casimir in the representation of parton i and γi
are anomalous dimensions associated with on-shell form
factors [33,34]. The collinear-subtracted impact factors
DiðtÞ are known to two loops [8].
Our new computation concerns the NNLL tower, which
manifests a Regge cut in the real part of the amplitude
[7,34–37]. This phenomenon is associated with the
exchange of three Reggeons, as shown by direct calcu-
lations to three loops [8,37]. Here we take a further step by
showing that the entire NNLL tower, Mð−;n;n−2Þ, can be
computed using the evolution of one and three Reggeons
and the transitions between them. We then explicitly
compute the NNLL amplitude at four loops in full color.
Finally, upon comparing the result with the known expo-
nentiation properties of infrared singularities we gain a
powerful check and determine the soft anomalous dimen-
sion in the same approximation.
II. METHODOLOGY
We describe 2 → 2 scattering at high energy following
[7]. Fast particles moving in the plus (þ) lightcone
direction appear as infinite Wilson lines [38]
eigsT





dxþAaþðxþ; x− ¼ 0; zÞ

at transverse position x⊥ ¼ z, where the generator Ta is in
the representation of the scattering parton and WaðzÞ
identifies a Reggeon field. Rapidity divergences are
regulated by introducing a cutoff η ¼ L. The projectile
and target in the scattering process, denoted respectively as
jψ ii and hψ jj, are expanded in Reggeon fields, regulated at
different rapidities. These are then evolved to equal rapidities
by applying the Balitsky-JIMWLK Hamiltonian H [3].
The contraction of Reggeons of equal rapidity is evalu-
ated in terms of free propagators hWaðpÞjWbðqÞi ¼
i
p2 δ





Mij→ij ¼ hψ jje−HLjψ ii ð7Þ
we expand the projectile and target in the number of
Reggeons n, such that jψ ii ¼
P∞
n¼1 ðrΓαsÞðn−1Þ=2jini, where
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with the tree level normalized as hj1ji1i ¼ ig
2
s
t Ti · Tj. The
Hamiltonian H allows transitions between states with differ-
ent numbers of Reggeons [7]. However, signature symmetry
excludes transitions between states of odd and even numbers
of Reggeons, e.g. hj3je−HLji2i ¼ 0. Only odd (even) tran-
sitions contribute to the odd (even) amplitude. We denote
individual Hamiltonians converting an n Reggeon state to a k
Reggeon state asHn→k. Defining channels of color flow [39]
by
Ts ¼ T1 þ T2; Tt ¼ T1 þ T4; Tu ¼ T1 þ T3;
ð9Þ
the single Reggeon evolves with H1→1 ¼ −T2t αgðtÞ, with
hj1jT2t ji1i ¼ CAhj1ji1i; NNLL accuracy requires Oðα3sÞ
corrections in αgðtÞ of Eq. (2).
Multi-Reggeon transitions Hn→k were computed to
leading order in [8] by expanding the Balitsky-JIMWLK











where the ellipsis stand for Oðα2sÞ corrections to H [40];
these are not required for multi-Reggeon transitions at
NNLL. To determine Mð−;n;n−2Þ it is convenient to extract
H1→1 in (7), defining the reduced amplitude,
i
2s
M̂ij→ij ≡ hψ jje−ðH−H1→1ÞLjψ ii ¼ hψ jje−ĤXjψ ii; ð11Þ
along with a reduced Hamiltonian Ĥ and an expansion
parameter X ≡ αsπ rΓL. Note that Ĥ1→1 ¼ 0. Expanding (11)
and collecting the NNLL in the odd amplitude we find, to



































With the sole exception of the term hj1ji1iNNLO, which is
extracted from two-loop amplitudes [8], Eq. (12) describes
the whole NNLL tower using the leading-order formalism.
III. RESULTS AT NNLL
We proceed to evaluate M̂ in (12) to four loops,
following the notation of (4).
A. Two loops
According to (12) there are two distinct contributions to
the two-loop amplitude M̂ð−;2;0Þ. The first is the single
Reggeon exchange, hj1ji1iNNLO, which may be read off
Eq. (5),
hj1ji1iNNLO ¼ ðDð2Þi þDð2Þj þDð1Þi Dð1Þj Þhj1ji1i: ð13Þ
The second is the three Reggeon exchange depicted in
Fig. 1(a) (where there is an implicit sum over permutations


















where T2s−u ≡ 12 ðT2s − T2uÞ. Adding up the two contribu-
tions we obtain M̂ð−;2;0Þ in agreement with [8].
B. Three loops
There are two contributions to M̂ð−;3;1Þ in eq. (12). The






















which relates to Cð2Þ33 of Eq. (14). This relation stems from
the fact that the action of Ĥ3→3 is symmetrized under
permutations of the three Reggeons, as both the target and
projectile wavefunctions are symmetric.
The new type of contribution at three loops, Fig. 1(c),
arises from the term involving Ĥ3→1 in Eq. (12),
(a) (b) (c)
FIG. 1. Three-Reggeon exchange at two and three loops [(a)
and (b)] and their mixing into a single Reggeon (c).












and a similar one involving Ĥ1→3, obtained upon replacing
di ≡ dARiNRi 1CRi in (16) by dj. Given the representation Ri we
defined respectively, NRi , CRi and dARi as the dimension,







with Ta and Fa, respectively, the generators in the Ri and
the adjoint representations. In contrast to (14)–(15),
Eq. (16) does not involve a matrix in color space, but is
simply proportional to hj1ji1i. This is due to the fact that
color is carried by a single Reggeon on either the target or
projectile sides. This property holds for all terms in the
second and third lines of (12) at any order [41].
C. Four loops
According to (12), the four-loop NNLL amplitude









þ hj1jĤ3→1Ĥ3→3ji3i þ hj3jĤ3→3Ĥ1→3ji1i:
ð17Þ
Their calculation is the main result of this paper. Despite the
high loop order, the integration in transverse-momentum
space is relatively straightforward; all integrals depend on a
single scale, t, and involve up to four propagators in a loop,
and they can be performed [42] using known techniques
[43]. In turn, expressing the color structure of Eq. (17) in an
operator form, valid for general representations, requires



























involving the quartic Casimir in the adjoint representa-
tion, dAA.
The second term in (17) contains a repeated application
of the Ĥ3→3 Hamiltonian, yielding two independent color
structures, Fig. 3, each multiplying a different integral. This
breaks the permutation symmetry of the three-Reggeon
wavefunction which was responsible for the simple struc-
ture in (15), where T2s−u entered solely via C
ð2Þ
33 . The
























− 3CAðdi þ djÞ
Cð4;−1Þ33 ¼ 18ð521CAT2t − 300C2A − 220ðT2t Þ2ÞCð2Þ33
− 101Cð4;−4Þ33 ; ð19Þ
involving an additional term, T2s−uðT2t Þ2T2s−u.
The third term in (17) gives rise to two distinct color
structures, Figs. 2(b) and 2(c), depending on which
Reggeons are acted upon by Ĥ3→3. As at three loops in
(16), the result is proportional to the tree-level amplitude,














Finally, the fourth term in (17) can be simply obtained
from (20) upon replacing di by dj.
Remarkably, fϵ of (14) features at three loops in
(15)–(16) and four loops in (18)–(20), all manifesting
the simple relation between the coefficients of transcen-
dental weights three and four (this does not extend to
weight five). Adding up the four contributions to (17), the
four-loop NNLL reduced amplitude is found to be
(a) (b) (c)
FIG. 2. Four-loop mixing between a single and three Reggeons
states through Ĥ1→3 and/or Ĥ3→1.
(a) (b)
FIG. 3. Four-loop evolution of the three Reggeon state with two
insertions of the Ĥ3→3 Hamiltonian.






































− 104CAðdi þ djÞ:
ð21Þ
Interestingly, while the separate contributions have planar
components, we find that M̂ð−;4;2Þ is nonplanar.
IV. INFRARED DIVERGENCES
It has long been recognized that the exponentiation of
high-energy logarithms is interlinked with that of infrared
singularities [7,16,34,36,38] and the interplay between the
two has been instrumental [8–11,18]. We now take another
step in this direction; comparing the NNLL amplitude with
the known infrared structure provides an independent check
of all multiple poles in ϵ, while the single pole allows us to
extract the four-loop soft anomalous dimension at NNLL.
It is well known that infrared divergences in amplitudes
factorize and exponentiate [31,44] according to













whereH is an infrared-renormalized hard amplitude, which
is finite, and Γ is the soft anomalous dimension. In the high-
energy limit the latter takes the form [16]
Γ ¼ γK
2
½LT2t þ iπT2s−u þ Γi þ Γj þ Δ; ð23Þ
where Γi is defined in (6) and Δ represents nondipole
corrections starting at three loops [31,45]. The dipole
contribution is well known [16,34]; the LT2t term contrib-
utes starting at LL, while the iπT2s−u and Γi terms start at











The NLL tower Δðn;n−1Þ is purely imaginary, and was
recently obtained to all orders [9] from the two-Reggeon
amplitude. It starts contributing at four loops [7], where
Δð4;3Þ ¼ −iπ ζ3
24
½T2t ; ½T2t ;T2s−uT2t : ð25Þ
The NNLL tower Δðn;n−2Þ starts at three loops, with a
purely imaginary contribution,
Δð3;1Þ ¼ iπ ζ3
4
½T2t ; ½T2t ;T2s−u; ð26Þ
determined in [8] on the basis of the three-loop calculation
of Δ in general kinematics [45]. Thanks to the present
calculation of the four-loop amplitude, we obtain the first
nontrivial real contribution to this tower, Re½Δð4;2Þ. To this
end we invert (22), and use (7) and (11) to restore the Regge
trajectory, obtaining
H ¼ ZiZjZ−1eαgT2t LM̂: ð27Þ
The right-hand side of (27) at NNLL depends on DðkÞi in
(13) and on two- and three-loop Regge-trajectory coeffi-
cients, which are all theory specific. However, the poles in
M̂ are universal [42], so upon requiring that the hard
function Hð4;2Þ is finite we verify Cð−4ÞM in (21) and get
Re½Δð4;2Þ ¼ ζ2ζ3Cð4;2ÞΔ ; ð28Þ














As expected, Re½Δð4;2Þ is nonplanar. This result holds for
any gauge theory.
Equations (21) and (27) can be further used to determine
the finite terms in the hard function at four loops. We can
deduce from the known Regge trajectory [8,17,29] that in













The planar limit, Nc → ∞, is already known [46]; the
nonplanar correction, the second term, is a new result.
V. CONCLUSIONS
In this paper we demonstrated that the entire signature-
odd tower of NNLL contributions to partonic 2 → 2
amplitudes in the Regge limit, is computable in full color
using an iterated solution of the rapidity evolution equation.
Only the leading-order Hamiltonian is required in this
iteration, implying a remarkable universality of these
corrections across all gauge theories starting from three
loops. We showed that the result, given by Eq. (12), has a
simple diagrammatic interpretation as a class of ladder
graphs involving three Reggons with any number of rungs.
This is a step towards a formulation of an interacting
Reggeon field theory.
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In this framework we performed an explicit computation
of the (reduced) signature-odd 2 → 2 amplitude to four
loops through finite terms, obtaining new results at NNLL
accuracy, valid for general color representations.
Interestingly, the four-loop result, Eq. (21), is entirely
nonplanar. It involves quartic Casimirs associated with
the representations of the scattered partons as well as a
purely adjoint one. We observe an interesting relation
between the transcendental weight 3 and 4 contributions,
already visible at two loops (14). This relation holds also at
three loops, and at four loops it amounts to a relation
between the 1=ϵ pole term and the finite terms.
Matching the result to the known exponentiation proper-
ties of soft singularities provides a powerful check on the
computation, and allows us to extract the four-loop NNLL
soft anomalous dimension, presented in (28). We also
determine the finite terms of the N ¼ 4 amplitude,
Eq. (30). Regge limit results have proven instrumental in
bootstrapping the three-loop soft anomalous dimension in
general kinematics [18]. Our result paves the way for a
four-loop bootstrap. Reference [32] analyzed the color
structure of the soft anomalous dimension, incorporating
the recently computed four-loop cusp anomalous dimen-
sion [47,48], which introduces quartic Casimirs. Our results
show that the soft anomalous dimension contains additional
quartic Casimirs, beyond those associated with the cusp.
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